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Abstract--It is shown that Fedorov groups of symmetry can be modeled on Clifford surfaces of elliptical 
Riemannian space, i.e. on right circular cylinders of the elliptical space. The Clifford surface is isometric 
to an Euclidian rectangle and topologically equivalent to an Euclidian torus. Interpreting the Clifford 
surface as an Euclidian torus, we have an instructive and rather simple means for investigation of 
non-classical lattices. The set of tori of three-dimensional Euclidian space, which are in the same relations 
between each other, as Clifford surfaces of the elliptical space, has been called "crystallic space" R e. 
Considering lattice systems in R e we may compare properties of non-classical lattices to structural 
properties of real crystals. Since the torus becomes a "carder" of geometrical properties of the Clifford 
surface within the framework of the interpretation proposed, it is this torus in R e on which Euclidian 
geometry is realized. Therefore, any physical aw considered on a part of the Euclidian plane can be 
extended, in its classical form, to the torus in Re. For instance, when dealing with the Coulomb law in 
R e we arrive at structurality of electrostatic field of a charged particle. This fact manifests itself in the 
presence of such zones of the field, where the test charge undergoes the action of not only attraction and 
repulsion forces, but also fixing forces. When treating the charge particles' interaction in Re, we may 
simulate the process of organization (growth) of the crystal attice. A comparison of theoretical models 
with real crystals hows fairly good agreement. 
Beginning with works by N. I. Lobachevskii, who stated that "no contradiction is seen in that some 
forces in the nature obey one geometries, while other forces obey other, particular geometries", 
scientists encountered a situation when geometrical treatment of a phenomenon might have a 
crucial effect on understanding the physical essence of the phenomenon. Works by P. Curie 
concerning the study of summetry [1] led him to the conclusion that the possible occurrence of a 
particular geometric state, each of different parts of space. B. Riemann showed the principal 
possibility of existence of the space which is bounded and, at the same time, infinite in itself [2]. 
While studying the Riemannian space, F. Klein found that this space falls apart into two principally 
different forms, namely, elliptical and spherical ones. Though metrically equivalent, they are 
geometrically different, which manifests itself in different axiomatic definitions [3]. W. Clifford 
showed the way, by which geometrical objects of the elliptical space may occur in our three- 
dimensional world, and what changes in physical models of real phenomena must accompany this 
process. However, the works by Clifford did not receive much attention from his contemporaries, 
and his premature illness did not permit him to complete his study [4]. Finally, V. I. Vernadskii 
[5] generalized this course of developments and formulated the idea about necessity of differentiated 
geometrical pproaches to natural phenomena possessing qualitative definiteness (the living cell, 
the molecule, etc.). This idea was partially realized in modern crystallography, in works by R. V. 
Galiulin, who stated that "purely physical problems concerning reasons for crystallic structures 
being regular can be efficiently treated by geometrical means" [6]. It was Galiulin who introduced 
the term "crystallographic geometry" and thus formulated the necessity to develop rather special 
geometric technique, aimed at description of real crystals with their real structural properties. 
The author of the present work formulates a similar problem. However, my approach to the 
possible solution of the problem and theoretical technique used, are somewhat different (for 
instance, I do not practically use the group theory technique). 
Let us consider the Riemannian elliptical space specified in axiomatic form [7] and let us consider 
the Clifford surface in it, i.e. right circular cylinder of the elliptical space [K(a, r) for brevity, where 
a is a straight line serving as the axis and r is the radius measured in radians]. 
In the Weierstrass co-ordinates the equation for K(a, r) has the following form: 
2 + r/2 _ sin s 
=cosx~, r/=cosx2, ~=cosx3, co=cosx4 
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Fig. I. "Development" of the Clifford surface to an Euclidian rectangle ABCD with sides n sin r and 
n cos r. The opposite sides are treated as identical. Translation t of the point P on Euclidian plane 
corresponds to translation t'  of  the point P on the "development". When tan ~ is an irrational number, 
the trajectory t'  is not closed (infinitely long) and never returns to the initial point. 
where 
x l=s inu  x3=sinv 
X 2=COsu X 4~c0S 
--1 <~(u,v)<~ 1.
It was Clifford who stressed that the Euclidian geometry rules over K(a, r). Noting the importance 
of this discovery, Klein [3] wrote that "not only elliptical measure definition may rule over elliptical 
space, and this fact makes the Clifford's discovery astonishing". By the same reason Gilbert called 
the Clifford surface "the Euclidian plane in the small" [8]. 
The essence of the problem we are going to solve is to clarify at what conditions Fedorov 
symmetry groups appear on the Clifford surface. The curvature of the elliptical space will be put 
equal to unity. 
Definition 1 
By proper rotations of the Clifford surface (C-rotations for brevity) we will call its trans- 
formations to itself without fixed points preserving the parallelism of rectilinear generators of the 
Clifford surface. 
Thus, C-rotations of the surface are rotations around its axes. C-rotations form a two-parameter 
group isomorphic to the factor group of the group of parallel translations of the Euclidian plane 
on integral-valued lattice. An integer number of full rotations of the surface around any of its axes 
corresponds to he identical transformation of K(a, r). On the development of K(~, r) (i.e. on the 
rectangle with sides n sin r and n cos r, see Fig. 1) C-rotations look like usual Euclidian translations 
(because opposite side of the rectangle should be treated as identic [9]) and can thus be represented 
by vectors T~ ffi {t~, te tan ~}, where ~ is the angle between the direction of the vector and the side 
of the rectangle. When tan ~ is a rational number, the one-parameter g oup of C-rotations, 
generated by the vector, is compact, its trajectory having the form of a closed curve on K(a, r). 
On the contrary, when tan ~ is an irrational number, the group of C-rotations is not compact, its 
trajectory being dense everywhere on the Clifford surface and never returning to original point. 
This group is isomorphic to the group of translations of an Euclidian straight line. It is such groups 
which arc the focus of our attention, and in what follows we mean only these ones when speaking 
about C-rotations. 
Consider the problem of construction of a regular system of points on the Clifford surface. It 
is convenient to use for this purpose the development of the surface. We will take it in the form 
of a rectangle with sides a and b. Lay on this rectangle ABCD the plane integral-valued lattice in 
such a way, that basis translations of the lattice are parallel to one of C-rotations from the group 
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we have chosen. We take into consideration only those nodes of the lattice, which find themselves 
inside the rectangle ABCD. Then, applying C-rotations we begin to "compress" the system of 
points on the development. Since we can do so ad infinitum, a correspondence an thus be 
established between the Fedorov group of translations of any order on Euclidian plane and the 
group of C-rotations on the Clifford surface. It is easy to see that this correspondence is one-to-one. 
Thus, we can establish the isomorphism between the subgroup of translations of Fedorov groups 
and the group of C-rotations, for each of Fedorov groups. 
Let us consider now transformations of K(a, r) which are similar to rotations of Fedorov groups. 
First, let us study in what way the Clifford surface K(a, r) transforms under central symmetries 
with respect o some point, in the case when the radius r is equal to zc/4 (its econd radius is also 
7r/4). The development of this surface presents a square, while each of two families of rectilinear 
generators present a straight line segment parallel to corresponding diagonal of the square. Let the 
center of the square be the center of symmetry (in this sense the rest of points are equivalent to 
it). It is easy to see that under central symmetries in the point the surface transforms into itself. 
This can be proved as follows. Under central symmetries a Clifford surface transforms into a 
Clifford surface. Two intercrossing rectilinear generators of these surfaces coincide (namely, those 
generators which pass through the center of symmetry). Therefore, surfaces KI and K2 coincide two. 
Since the square, all sides of which are rectilinear generators of the Clifford surface, can exist only 
on K(a, r) at r = ~/4, it is the Clifford surface and only this surface that permits modelling 
symmetry axes of the fourth order (and, of course, of the second order) on it. 
Now let us consider the Clifford surface in the case of r = ~/6 (the second radius of this surface 
is ~r/3). Two ~rectilinear generators 11 and 12 intercross at the point 0 of this surface K. The 
corresponding polar straight lines l~ and l~ lie on the surface K' which is polar to the surface K,
and they intercross in the point 0'. Rectilinear generators of the surface K, axes a and a' of the 
surface K (at the same time they are the axes of the polar surface K') and rectilinear generators 
l; and 1~ of the surface K' define four triplets of equally spaced straight lines. Each triplet [9] defines 
a single Clifford surface, and corresponding straight lines are its rectilinear generators. Therefore, 
the surface K(a, r) with this radius never exists alone, but is always a part of six surfaces interrelated 
with each other: the axis 9 f one surface and a pair of rectilinear generators of the same surface 
are rectilinear generators of the other surface, and vice versa. If we specify now a system of points 
on the surface K, the system extends "automatically" to surfaces of the same radius, conjugate to 
the surface K. Such a complex of six Clifford surfaces transforms to itself under central symmetries 
in any point, in the same way as in the case of K(a, r) for r = 7r/4. Because only such a complex 
allows existence of right hexagons and triangles, all sides of which are rectilinear generators of the 
Clifford surface, the symmetry axes of the sixth and third order can be modeled on this complex. 
It is clear that the symmetry axis of the second order may be obtained on it as well. 
On Clifford surfaces with other ratio of their radii only axes of the second order can be modeled. 
Therefore, we may consider a set of motion of any Fedorov group (and, hence, of all Fedorov 
groups) on Clifford surfaces. It should be stressed that such a consideration can be applied to a 
quite special surface (which "plays the role" of an Euclidian surface in elliptical space [8]), rather 
than to an elliptical surface. 
Relative simplicity of the treatment of Fedorov groups in elliptical Riemannian space is paid for 
by complexity of developing eometrically clear picture in three-dimensional Euclidian space. We 
mean, in particular, the lattice systems representing the structure of the real mineral. To solve this 
problem, let us use the method of interpretation which was invented long ago, but has not become 
widespread. 
Problems of interpretation received much attention i  literature. This attention isexplained not 
only by mere interest, but also by the fact that the consistency of non-Euclidian geometries itself 
could have been proved only by means of interpretation f objects of non-Euclidian spaces in terms 
of objects of the Euclidian space. The most.important works in this field were done by S. A. 
Bogomolov, W. Clifford, F. Klein and D. Z. Gordievskii. 
The following interpretations of the elliptical geometry are in common use: geometry of bundles 
of straight lines of Euclidian space [3], geometry of a sphere with diametrically-identic points [3], 
geometry of a circle [10], Boy's model of projective plane [8]. However, as Bogomolov [7] put it, 
any of these interpretations leads us away from "idealized samples of applied geometry", breaks 
C.A.M.W.A. 16/~-8~ 
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hierarchical co-ordination of geometrical objects and, at last, does not prove to be one-to-one 
interpretation. That is why we have chosen the interpretation suggested for the first time by 
Clifford. Namely, we correspond the Euclidian torus (with the same ratio of radii as that of the 
Clifford surface we want to interpret) to the right circular cylinder of the elliptical space. 
The choice of such an interpretation is not occasional. In this case: 
----each point of the Clifford surface corresponds to a single point of the Euclidian 
torus, and vice versa [4, 9]; 
--the shortest spiral on the torus (i.e. the diagonal of the rectangle on the 
development) corresponds to rectilinear generator of the Clifford surface; 
--hierarchical co-cordination ofgeometrical e ements of interpretation is preserved: 
point is the simplest element, line is a class of points, surface is a class of lines, 
etc.; 
--since a degenerate a Clifford surface gives a straight line of elliptic space, while 
a degenerate orus gives an Euclidian circumference, then we can find, among 
"straight lines" of the interpretation, one and only one circumference orrespond- 
ing to a straight line of the elliptical space; 
---each straight line of the elliptical space is related to a class of circumferences 
defined as equidistants o the straight line [9]. Therefore, the circumference of the 
Euclidian plane which interprets the straight line of elliptical space, corresponds 
to a class of circumferences of a smaller adius, which interpret circumferences of 
elliptical space; 
--since interpretation f elliptical geometry by means of circles [4, 9, 10] is legitimate, 
complete and consistent, we may take this interpretation as a basis for our 
consideration. 
It should be stressed that the interpretation f the Clifford surface with the aid of the Euclidian 
torus does not mean the transfer to geometry on the torus. On the contrary, we will treat he torus 
as a surface on which the Euclidian geometry rules. Thus, the torus loses its geometrical 
"independence" and becomes a "carrier" of properties of the Clifford surface. This fact though 
is a necessary condition for any interpretation [7]. 
We introduce the following definitions. 
Definition 2 
By three-dimensional space Re will will call a system of tori of the Euclidian space, related to 
each other by relations of the same order as the Clifford surfaces of the elliptical space. The surfaces 
with Euclidian metrics in such a sector of three-dimensional space are tori. The rest of geometrical 
relations are described by relations of elliptical Riemannian space. 
Considering Re in three-dimensional Euclidian space, it is easy to obtain geometrically clear and 
sufficiently simple technique for investigation of non-classical " attices" and ideal models of a 
crystal. For example, let us carry out a construction of a "lattice" system of an ideal crystal with 
space group Prn 3m in a section P perpendicular to the symmetry axis of the third order. In this 
case we should choose a torus with the ratio of radii 2: 1 as a surface, supporting the "plane lattice". 
This torus is interpreted as a Clifford surface with the radius equal to ~/6. Let us put the fragment 
of the plane lattice we have chosen, on the development ABCD (Fig. 2), "bend" the rectangle into 
a portion of a cylinder (Fig. 3) and then into a torus (Fig. 4). Consider the section P-P of the 
torus by an Euclidian plane. When constructing the lattice of translation i the elliptical space, the 
Clifford surface rotates consecutively around its own generators [11]. Therefore, the torus 
interpreting the Clifford surface will also rotate with extensions and compressions around its own 
generators, for example 1-1, 2-2 and so on (Fig. 5). Then we will have a system of circles at the 
section P-P. Fixing only nodes of the "lattice" at the section of the toms, we will have a system 
of nodes of the "lattice" (Figs 6-9). For the chosen group the radius of rotation of the torus is 
the same as its inner radius. If we model other spatial group (however containing rotation axis of 
the third order), the radius of the rotation of the torus will be different, and the rotation center 
will also change (it might not fall on the point 1, 2 and so on). As a result we obtain a fragment 
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Fig. 2. Rectangle ABCD laid on the plane lattice of the spatial group Pm3m. The angle 60 degrees between 
basis translations pecifies the radius K(a, r), because the angle between two systems of rectilinear 
generators i  2r. Thus, r = n/6 (other radius r = n/3). I-I and II-II are the "axes" of the development, 
P-P  are the sections perpendicular to the axis II-II. 
AIB P ,I[ P C~-~t 
p t][ i ~ 
Fig. 3. Convolution of" ABCD into a portion of Euclidian 
cylinder around the axis I-I. 
! 
tlI 
Fig. 4. Convolution of the portion of the cylinder into a 
torus around the axis II-II. Sections P-P  of the torns are 
not deformed by the extension--compression, r t and r2 are 
the internal and external radii of the torus, respectively. The 
ratio of the radii of the Clifford surface r = n/6 and r = n/3 
defines the ratio of radii of the torus: r~:r 2 = 1:2. 
Fig. 5. Initial torus carrying the "plane" lattice in R and 
positions of its generators 1-I, 2-2, etc. and nodes at 
sections P and P~. 
Fig. 6. Rotation of the torus around its generator 1-1. This 
motion is similar to translation of a plane Euclidian lattice 
in space. New arizing nodes of the "translation lattice" are 
denoted at sections P and Pt. 
o f  the " lat t ice o f  t rans la t ions"  at the sect ion P-P  (Fig. 9). To  finally deve lop the lattice system 
one should rotate  the " latt ice o f  t rans lat ions" .  As it has been shown above,  the torus we chose 
never  exists separately,  but  it enters a complex  o f  six tori  (cor respond ing to Cl i f ford surfaces). 
Rotat ion  axes o f  the third o rder  can be mode l led  on these six tori. In other  words,  each o f  the 
tori  we have obta ined,  must  be accompan ied  by a complex  o f  its own (Fig. 10), and we choose  
602 S.V. RUDNEV 
Fig. 7. Further construction of the "translation lattice": 
rotation of the initial torus around the generator 2-2 and 
fixation of newly obtained nodes at sections P and P~. Since 
the values of translations are the same in all three directions, 
as far as the group Pm3m is concerned, the angles of 
rotation of the initial torus around the generator (from 
fixation to fixation) is equal to the angular distance between 
the nodes of the "plane lattice" on the Clifford surface. In 
our case it is 60 ° (360°:6). In general, the angle of rotation 
of the torus around generators i  equal to 360°:n, where n 
is the number of nodes of the lattice on the torus which find 
themselves at the section P (for the group Pm3m). When 
modelling other groups we will obtain other values of the 
angles. 
P 
Fig. 8. Further construction of "translation lattice" by 
means of rotation of the torus around its generators 3-3 and 
4-4. 
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Fig. 9. "Translation lattice" at the section P after all 
necessary otations. The number of rotations is determined 
by the number of nodes of the "plane lattice" on the torus 
which found themselves at the section P. 
K ' P 
Fig. 10. Six tori (at the section P) corresponding to the 
complex of six Clifford surfaces. Generators 1-4 are com- 
mon for K and KI. 
three tori among them to model the axis of the third order (Fig. 11). As a result of fixation of all 
nodes thus obtained at the plane of drawing, we arrive at the R-system which models the "lattice" 
nodes' distribution at the section made by an Euclidian plane (Fig. 12). The Clifford surface consists 
of two main regions (each of them being isometric to an Euclidian rectangle and differing from 
the other by the sign of curvature [9]), which boundaries are rectilinear generators. On a piece of 
the Euclidian cylinder these regions correspond to two "ribbons" (Fig. 13), which can be obtained 
by means of cutting the piece of cylindrical surface along two diametrically oppositie spirals a-a 
and b-b. In this case arcs ! and m of "ribbons" lying at the section P-P  perpendicular to the axis 
1-1 will find themselves in such positions on the torus which are shown in Fig. 14. If we consider 
only the main region of each chosen triads of tori, we will obtain a system of semicircles at the 
section P-P  (Fig. 15). Therefore, selecting the triangular circuit (Fig. 15) from the hexagonal circuit 
(Fig. 12) we obtain an R-system possessing the symmetry axis of the third order (these nodes are 
painted over in black in Fig. 12). To make the construction of the R-system rigorously, we ought 
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Fig. I 1. Triplet of tori chosen for modelling the symmetry 
axes of the third order at the section P. 
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Fig. 12. The system of nodes of the lattice at the section P 
after application of rotations to the "translation lattice" of 
Fig. 9, i.e. after the accompaniment of each torus of the 
"translation lattice" by the triplet of tori of Fig. I 1 and 
showing all the lattice nodes obtained at the section P. 
A.B 
/ / /  
Fig. 13. An analog of  the main region of the Clifford surface 
on a piece of Euclidian cylinder: the "ribbon" limited by two 
diametrically opposite spirals and containing arcs I and m 
at the section P. 
C ~,S. 
Fig. 14. An analog of the main region on the torus. Arcs 1 
and m are arranged i entically with respect to the axes at the 
section P. 
P 
L 
Fig. 15. Arrangement of arcs of the main region of the chosen triplet of tori (Fig. 1 I) at the section P. 
The system thus acquires a symmetry axis of the third order. In accordance with this contour we chose 
nodes of the lattice of the system of Fig. 12, which models the arrangement of nodes of the lattice at the 
section P perpendicular to the symmetry axis of the third order: the R-system itself. 
to do so in such a way from the very beginning. However,  such a procedure is not very 
easy-to-grasp, while as a result we would obtain all the same identical pictures of  the lattice nodes'  
distr ibut ion on the R-system. Let us construct for completeness the R-system in the case when 
12 nodes of  the lattice on the torus fall on the section P-P  (Fig. 16). 
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Fig. 16. R-system for 12 nodes of the lattice of the torus which found themselves at the section P. Nodes 
of the lattice nearest to each other (counting along the K-lines) are connected by arcs. 
Structural features of such an ideal lattice system drastically differ from those of classical one. 
The first two important differences result from boundedness in space and centrality. Other 
differences result from the facet structure and the presence of external symmetry of the form, 
determined by a spatial group. Ideal lattice proved to be a "zone-sector"-type structure within the 
framework of elliptical interpretation. This fact manifests itself in strictly symmetric and ordered 
distributions of vacancies and cavern3. The central zone is characterized by strictly ordered 
arrangement of nodes and cannot be distinguished visually from the classical lattice, the breaking 
of the order being seen as one moves to the periphery. Thus, the ideal model of the lattice system 
acquired structural characteristics typical for crystals of real minerals. 
If we postulate the presence of force interactions between charged particles in RE, we will have 
the possibility to simulate, step by step, the process of organization of the lattice system. The field 
of forces of the particles will have finite size and will be closed. The charged particles are treated 
as small spheres carrying certain amount of electric harge. At distances maller than some distance 
R repulsion forces prevail, while at larger distances attraction forces dominate. It can be seen that 
force interactions between the charges are realized through so called K-lines, i.e. straight lines of 
the minimum distances on the Clifford surface. There are three systems of such lines on K(a, r), 
namely, rectilinear generators themselves of the Clifford surface, the system of circumferences of
the cross-section and the system of circumferences of longitudinal section. Only these directions 
enable us to complete the cycle and to return to the initial point by the shortest possible way. When 
on the torus, three systems of geodesics of the torus correspond to three abovementioned systems 
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Fig. 17. Ways of constructing the R-system: (a) spiral way (from the center to the periphery and back 
to the center); (b) uniformly successive way and (c) non-uniformly-successive way.
[11]. In the plane of the R-system they will correspond to three systems of circumferences with 
different radii. For K(a, r), r = n/6 (the other radius is n/3) they correspond to circumferences with 
the ratio of radii 1 : 2: 3. The shortest lines on the R-system are arcs of these circumferences. 
Let us introduce a concept of reactive particles which is necessary when simulating the process 
of organization of the lattice in Re. 
Definition 3 
We will call a particle reactive with respect to some particle 0 in Re and on the R-system, when 
the distance from the particle to the particle 0 is the shortest when measured along K-lines. 
Such a definition means that a particle reactive with respect o a given one is not necessarily a 
neighbour of the given particle. The most impressive xample of this is provided by the R-system 
(Fig. 16), where arcs connect reactive particles which are spaced several attice periods apart. 
Definition 4 
By the term "the process of growth of a crystal" we will call the process of organization of the 
lattice system in RE which proceeds in the form of step-by-step attachment of new generations of 
R-particles, beginning from some original particle and ending with faceting of the crystalline 
polyhedron. 
Thus, even the course of graphical construction of the R-system will reflect properties of the 
process of the growth of the crystal in RE. 
Let us consider the R-system (Fig. 16) and assume that marked points of the nodes of the lattice 
are not occupied yet by particles. Let us flU the R-system in the following way. Let the central node 
of the lattice be the position of the zero particle (the crystallization center) and then let us begin 
to "attach" to it those reactive particles, which are at shortest distances counting along the K-lines 
passing through the zero point. Since the arrangement of cross-sections of the torus on the 
R-system is always unambiguous, all nearest reactive particles lie also unambiguously with respect 
to the zero particle. Having all the nearest nodes filled let then proceed to the next stage of filling, 
regarding the particles of the first stage as new centers, and so on. The choice of subsequent 
"centers" may be made in three different ways (Fig. 17): the spiral way (from the periphery to the 
center and back), the uniformly-successive way and the non-uniformly-successive way (as well as 
any combination of these ways). Figure 18 shows the sixteenth stage of filling the R-system with 
particles along the spiral from the center to the periphery. Figure 19 shows the thirty-second stage, 
while in Fig. 20 the construction of the R-system is close to the end. After a full circle of 
construction we arrive at the R-system in Fig. 16. Figure 21 shows the R-system at the same stage 
of construction as in Fig. 20, but made in uniformly-successive way. A comparison of behaviour 
of the lattice system at different stages of organization (of the growth) permits us to arrive at the 
following conclusions: 
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Fig. 18. The 16th stage of constructing the R-system along the spiral from the center to the periphery, 
The growing crystal "captured" space, but the la tice system has not been formed yet. 
Conclusion I 
The process of organization of the lattice system in space, up to the moment of faceting of the 
crystalline polyhedron, proceeds in the form of two successive stages: structure formation and 
structure filling. 
The essence of the first stage consists in rather fast propagation of organizing influence of the 
origin center of the lattice to large distances from it. Simultaneously a certain number of particles 
is fixed to form a general contour of the future lattice system (Fig. 18). 
The essence of the second stage consists in filling all "vacant" nodes of the lattice, emergence 
of visually regular lattice and final contouring of the exterior of the system (Figs 20, 21, 16). 
Conclusion 2 
The distribution of particles in nodes of the lattice in the process of its organization depends 
on the time moment and on the way of organization of the lattice. 
Conclusion 3 
At the final moment of its organization the distribution of particles in nodes of the lattice system 
is independent of the way of organization and is determined by the chosen Fedorov group only 
(Fig. 16). 
Items 1-3 describe general properties of the process of organization of the lattice in RE. From 
these properties it is easy to obtain a number of corollaries. 
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Fig. 19. The 32nd stage of constructing the R-system along the spiral from the center to the periphery. 
The size of "captured" space has been increased but slightly. The process of filling vacancies" inside the 
newly shaping form prevails. 
Corollary 1 
The form and locations of vacancies and caverns of the lattice organized epend on the stage 
and on the way of its organization, the form and dimensions being changed in the course of growth. 
Corollary 2 
At the final stage of organization of the crystal lattice the distribution of visually observed 
vacancies and caverns is determined by external symmetry of completed crystal structure. 
Conclusion 4 
Forces organizing the lattice in the crystalline space are long-range ones. 
Corollary 3 
Organization of the lattice in the crystalline space requires only repulsion forces. 
In spite of apparent paradoxicality of this conclusion, it is quite obvious, because repulsion forces 
(i.e. forces of interaction between like charges) will bring like-charged particles to diametrically- 
opposite points of the K-line. The resultant force in these points gives the fixing effect. 
Corollary 4 
A decisive role in organization of the lattice structure is played by fixing forces. 
Now we present geometrical simulation of the process of organization of the lattice structure 
of a polycentric rystal and describe the main features of the process. 
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Fig. 20. Final stages of organization of the R-system along the spiral. Visually regular lattice of the central 
zone is being formed, zonal-sectorial structure is clearly seen and external faceting occurs. 
By large black circles in Fig. 23 we denoted zero points, beginning from which the process of 
organization of lattice structures of single crystals develops (i.e. crystallization centers). By small 
circles we denoted the points of position of fixed R-particles at the twelfth stage of its attachment. 
The growth of the crystal begins at different centers imultaneously. By continuous lines we mark 
the boundaries of force fields of crystallization centers, by dotted lines we denote the orientation 
of the R-system which would arise from these nuclei in the case of their fixed position in space. 
The way of construction of all three lattices was chosen the same, namely, uniformly-successive. 
The way of interaction and the possibility of interaction are determined by the presence of the force 
fields of crystallization centers. The necessity of such an interaction is connected with the 
requirement of the fulfilment, to some extent, of the dense packing principle. 
Conclusion 5 
Beginning from a certain size, nuclei of single crystals taking part in the process of organization 
of the lattice of a polycentric crystal, become to interact with each other, move translationally and 
rotationally and then become fixed in certain points. 
Corollary 5 
For each individual case of organization of the lattice of polycentric rystal, there exists a 
common center of reapproachement of nuclei of single crystals. Later on this center becomes the 
center of a polycentric rystal. 
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Fig. 21. The same stage of organization f the R-system as in Fig. 20, but done in uniformly-successive 
way. General features are the same, but distribution ofvacancies and caverns and their shape are different. 
Corollary 6 
The degree of perfection of the lattice structure of a polycentric rystal depends on the 
distribution of points of final fixations of crystallization centers of single crystals' nuclei, taking 
part in organization of its lattice, as well as on their orientation with respect o the center of the 
polycentric rystal. 
A polycentric rystal may look very similar to a single crystal with one crystallization center 
(compare Figs 22 and 24 which show possible lattice structures of a single crystal and polycentric 
crystal). The most significant difference between them lies in that polycentric rystal has a block 
structure. 
Conclusion 6 
The polycentric rystal, in which the centers of the final fixation are distributed in strict 
accordance with the dense packing principle, while the orientation of each nucleus coincides with 
the orientation of the final form, is energetically preferable as compared to the single crystal 
consisting of the same number of particles. 
This conclusion is a consequence of the fact that a single crystal consisting of the same number 
of particles is sparser than the polycentric rystal. 
Based on all these facts we arrive at the following conclusions concerning zonal-sectorial 
structure of a crystal: 
(a) Structural zonality and sectoriality is a normal state of the lattice system of an 
ideal crystal, both single and polycentric. 
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Fig. 22. The likely form of faceting of a single crystal of one crystallization center along series of dense 
packing of particles. 
(b) Structural zonality is typical for any crystal, beginning from some stage of its 
organization. 
(c) Structural zonality of an ideal crystal has a rhythmic character. 
(d) The form of structural zonality is determined (all other things being equal) by 
the extent of accordance with the dense packing principle. 
Thus, when simulating Fedorov groups in Re, we obtain an ideal model of the lattice system 
possessing a number of characteristics drastically different from those of the classical attice of 
Euclidian space, infinitely extensive and coinciding with itself everywhere. The ideal lattice in RE 
has such a set of structural properties which is possible on the classic model, only when a number 
of physical constraints is imposed on it. This is especially so when problems of limitation of 
dimensions, faceting, zonal-sectorial structure and block structure are considered. 
The fact that Euclidian geometry rules on the Clifford surface gives us a striking possibility to 
consider physical aws in the elliptical space. Really, since the Clifford surface is isometric to an 
Euclidian rectangle, any physical law considered on a piece of the Euclidian space may be 
automatically extended to K(a, r) in the same form. The boundedness of K(a, r) presents no 
essential obstacle due to the presence of C-rotations from the group we have chosen. However, 
boundedness and closeness of the Clifford surface modifies the action of physical laws in the 
elliptical space and in RE. As we noted earlier, the torus, while interpreting the Clifford surface, 
loses its independence and becomes a "carrier" of geometrical properties of K(a, r). As a result, 
it is the torus in Re which is the surface of Euclidian geometry rules, and it is this torus where 
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Fig. 23. Initial stages of orgamzation f a polycentric crystal from three centers (black circles). Solid lines 
denote the boundaries of the force fields of crystallization centers, dotted lines.denote orientations of 
R-systems of these centers when they are fixed. Dashed circles denote the crystallization centers after their 
mutual orientation andconvergence. 
physical aws are realized in the same form as at an Euclidian surface. In this connection let us 
consider the field of Coulomb forces and the Coulomb law in Re. 
Let the sphere simulating the particle A carry the unit charge which is uniformly distributed on 
it. The boundedness of the field in Re is determined by the boundedness of Re itself, the closeness 
of the field is determined by the closeness of the field lines directed along three systems of geodesics. 
The maximum value of the extent of the electrostatic field is not larger than lr/2. At larger distances 
this charge does not affect any other. The linear dimensions of the quantity n/2 may be different, 
but its maximum value is calculated by the formula 
3R~ + 4R~ 
Rs-  Ro ' (1) 
where R/is the field radius of the charged particle, Ri is the ion radius (according to N. V. Belov), 
Ra is the atomic radius. Owing to the presence of three systems of field lines, the electrostatic field 
in Re acquires tructurality, while the Coulomb law gets another form. The structurality of the field 
manifests itself in different form of its action on a test charge in different points of the field. This 
occurs due to the so called fixing component. Consider it in more detail. The field line li (see Fig. 
25, where Ii is the arc of the circumference of the K-line of internal (with respect o the sphere 
A) tangency, 12 is the arc of the K-line of external tangency) passing through the points m, ml, 
n, nj of the sphere A intercross in a point P of the field. The vectors of force li are directed along 
corresponding tangents to the arcs in this point. The net action on a test charge can be presented 
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Fig. 24. Polycentric single crystal with four centers of growth. It is formed from four crystallization centers 
situated most closely to each other. Dotted line: the boundary of the force field and orientation of 
R-systems at the final stage of the growth. Such a crystal is very similar to that presented in Fig. 22. The 
main difference consists in a block structure. 
as a sum of  two components  
F=N+f ,  
where N is the component  of  normal  act ion of  the field, f is the component  of  the tangent ia l  act ion,  
or  fixing force. The charge, s i tuated in the po int  P o f  the field will be not  on ly  attracted or  repulsed, 
Fig. 25. The origin-of fixing component of the field of 
Coulomb forces in RE. A is the charged particle, 00 is the 
"axis" of the charge, Ii is the are of the K-line of internal 
tangency, 12 is the are of the K-line of external tangency, m, 
mt and n, n~ are the ponts of the position of such part of the 
charge on the sphere A, which affects the point-like test 
charge at the point P of the field along the ares I(. N and 
f are the components of the resulting force F at the point P. 
Fig. 26. Refers to formulas (2) and (3). I~ are the ares of the 
K-line of the ith radius. ,,t and 0q are the limits of 
integration when calculating the net charge of the circum- 
ference m-m _1_ AP ,  which acts on the unit test charge 
located at the point P. /3~ is the angle between the tangent 
to the arc I~ (at the point P) and the direction N. 
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but also fixed. The ratio of lNI and I fl may be such, that fixing effect will prevail. In the case when 
the charge is uniformly distributed over the sphere A (its values in points m and n are not equal 
to corresponding values in points m~ and nl), the point charge situated at the point P will be 
subjected to a shifting force rather than fixing one, because the force f "from below" will not 
balance the force f "from above". If we place a particle into the point P of the field, and not the 
point-like charge, the particle will rotate under the action of forces of the field A until it has the 
stabilized position symmetric with respect o the field A. 
Now we present a formula for the Coulomb law in Re assuming that Coulomb forces acting 
along the arcs li are described by classical formula (since the arcs 1~ present he arcs of K-lines 
finding themselves in the section of tori, consisting Re, by the plane). In general form we have for 
the point P of the field and for the unit point-like test charge: 
where 
F ,=N,+f , ,  
sm ~ + sin ~ d~ 
IN.I = 1.2 ' cos/~, (2) 
i=1 12 
sin d~ - sin~d~ 
Ifpl = 1.2 ' ~ sin fli. (3) 
,=j 
In these formulaes (see Fig. 26): li is the arc of the K-line of the ith radius (r = n/6, n/3 and n/2); 
sin ~/2 describes the distribution of the unit charge on the sphere A with respect to the "axis" 00 
of the charge. In the case when doubly charged particle is considered (two electrons in the outer 
shell), the function sin ~ must be taken instead; ~ is the angle between the "axis" 00 of the charge 
and the direction of AP; ~j and ~: are the integration limits taking into account he diameter of 
the circumference, from which the charge acting at the point P of the field is "collected"; fl~ is the 
angle between N and the tangent to the arc of the ith radius at the point P. 
The summation in equations (2) and (3) is carried out over three arcs of K-lines of internal 
tangency and three arcs of K-lines of external tangency. The factor 2 accounts for the symmetry 
of the field created by the particle A. 
Note that the Coulomb law changes only its form but not its physical meaning. As before, the 
Coulomb force is proportional to the product of charges divided by the square of the distance 
between them. The only difference is that the distance is measured now along the arc rather than 
along the visually observed line of displacement of the test charge in the Euclidian space. At the 
same time, as a result of all force actions along the arcs of K-lines, the test charge (and the particle 
occupying the stabilized position) will move in the direction of the resultant force, i.e. along 
Euclidian straight line of the vector N (see Fig. 24). 
In order to calculate the value of the electric field strength E and potential ~p one should use 
the following formulas: 
E = N + f (for any charge) 
IEI --- ~/INI2 + lfp 2 
where ~# is the potential of normal action, ~: is the potential of fixing. To calculate ~# and ~o/ 
one should simply replace 12 by Ig in formulas (2) and (3). 
Let us consider the electric field structures for ions for calcium, fluorine and silver. Figures 27-29 
show plots of ~0 and I~N - ~:I for these particles. The force field radii were calculated with the 
formula (I). Figures 30 and 31 show electrostatic field structures of calcium and fluorine ions in 
equipotential lines. They differ from the classical model not only by the boundedness of the field, 
but also by the presence of regions, where q~: > ~:~, i.e. fixing forces dominate (dashed parts of the 
plots). The field structure is determined here not only by the value of the charge, but also by the 
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• " 2+'  ' ' Fig. 27. The plot of~0 and [q~N -- %1 for Ion Ca m representative umts (not taking into account electron 
charge). R/= 15.78 A. The right part of the plot refers to values of the potential along the "axis" 00. The 
left part refers to equatorial plane. Dashed parts denote places where fixing forces dominate. 
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Fig. 28. The plot of ~o and I ~PN - ~o/t for ion F-. R/= 11.23 A. The left part of the plot refers to values 
of the potential along the' axis" 00, the right part refers to equatorial plane. The fixing zones are dashed. 
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Fig. 29. The plot of ~0 and I¢0~ - ¢/I for ion Ag +. R:= 9.99 A. The left part of the plot refers to values 
of the potential along the "axis" 00, the right one refers to equatorial plane. The fixing zones are dashed. 
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Fig. 30. The structure of the force field of the ion Ca 2+ shown by equipotential lines at the plane passing 
through the "axis" 00. The charge distribution is described by the function sin a. The field zones with 
abrupt fall of the potential are dashed. Dotted line denotes the boundary of the field. 
Ri/R, ratio of the particle. This is seen from comparison of electrostatic field structures of fluorine 
and silver ions. 
If we unite fluorine and calcium ions in accordance with the structure of their force fields, the 
fundamental electrically neutral micropolyhedron will be a combination of the cube and the 
rhombic-dodecahedron~ see Fig. 32. Since the connection of two unlike charges leads to an increase 
of the fixing potential of combined field (while cp~ and ~p~ "annihilate"), the electrically neutral 
micropolyhedron Ca~4F2s i  able to combine with similar ones. Making such a connection in 
different ways (under condition of the lattice being "intact") we obtain cube, octahedron and 
rhombic-dodecahedron. Hence, the symmetry of crystalline polyhedron has been determined by the 
symmetry of the spatial group Fm 3m. 
Thus, elliptical interpretation of the Fedorov groups permits us to develop an idealized model 
of lattice systems, which describes real crystals more adequately than traditional Euclidian model. 
On the Clifford surface of elliptical space we may consider physical laws in their classical form and 
thus clarify their modifications in crystals. 
, 
II I / / / \ \ \ \ \', 
Fig. 31. The structure of the force field of the ion F-  shown by equipotential lines at the plane passing 
through the "axis" 00. The charge distribution is described by the function sin a/2. The field zone with 
abrupt fall of the potential is dashed. Dotted line denotes the boundary of the field. 
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Fig. 32. Electrically neutral micropolyhedron Cat4F~ with faces (110) and (100). Further growth may take 
place by either unification of such micropolyhedrons (the sign + stands for active directions), or 
attachment of individual charge particles. Dotted lines denote crystallographic axes. The spatial group 
is Fm3m, the symmetry of polyhedrons i 3L44L36L29PC. 
We did not consider spatial symmetry groups in this work, restricting ourselves to an 
easy-to-grasp geometrical pproach. We discussed this formulation of the problem more than once 
with Professor V. A. Frank-Kamenetskii and senior research worker P. L. Dubov (the chair of 
crystallography, Leningrad State University). Our approach does not show interconnection existing 
between classical and non-Euclidian interpretations of the Fedorov groups, and does not clarify 
properly features of non-classical lattices. In this relation Frank-Kamenetskii has formulated 
the following task: to find symmetry groups of non-Euclidian geometrical objects admitting 
manifestation f lattice systems on themselves. The solution of this problem will provide still better 
understanding of physico-chemical processes of crystallization aswell as properties of a real crystal. 
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